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Abstract 

We construct a differential algebra of forms on the kappa-deformed 
space. For a given realization of noncommutative coordinates as formal 
power series in the Weyl algebra we find an infinite family of one-forms 
and nilpotent exterior derivatives. We derive explicit expressions for the 
exterior derivative and one-forms in covariant and noncovariant realiza- 
tions. We also introduce higher-order forms and show that the exterior 
derivative satisfies the graded Leibniz rule. The differential forms are gen- 
erally not graded-commutative, but they satisfy the graded Jacobi identity. 
We also consider the star-product of classical differential forms. The star- 
product is well-defined if the commutator between the noncommutative 
coordinates and one-forms is closed in the space of one-forms alone. In 
addition, we show that in certain realizations the exterior derivative acting 
on the star-product satisfies the undeformed Leibniz rule. 
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1 Introduction 



Recent years have witnessed a growing interest in the formulation of physical 
theories on noncommutative (NC) spaces. The structure of NC spaces and their 
physical implications were studied in Such spaces have roots in quantum 

mechanics where the canonical phase space becomes noncommutative (see [H] 
for a historical treatment and the references therein). Classification of the NC 
spaces and investigation of their properties, in particular the development of a 
general theory suitable for physical applications, is an important problem. In 
this note we investigate differential calculus in the Euclidean kappa-deformed 
space. The kappa-space is a mild deformation of the Euclidean space whose 
coordinates x^, fi = 1,2, ... ,n, satisfy a Lie algebra type commutation relations. 
The commutation relations for depend on a deformation vector a G R" which 
is on a very small length scale and yields the undeformed space when a —>■ 0. 
The kappa-space was studied by different groups, from both the mathematical 
and physical points of view [9]-[33j. It provides a framework for doubly special 
relativity [18], [I9], and it has applications in quantum gravity [3l] and quantum 
field theory [35], [36] 

A crucial tool in the development of a physical theory is differential calcu- 
lus. There have been several attempts to develop differential calculus in the 
kappa-deformed space [E], [25]. For a general associative algebra Landi gave a 
construction of a differential algebra of forms in |37j. In this work we present a 
construction of differential forms and exterior derivative in the kappa-deformed 
space using realizations of the NC coordinates as formal power series in the 
Weyl algebra. Our approach is based on the methods developed for algebras of 
deformed oscillators and the corresponding creation and annihilation operators 
[3H|-[1Z|- The realizations of the NC coordinates in various orderings have 
been found in [2B] and j28j. The realization of a general Lie algebra type NC 
space in the symmetric Weyl ordering has been given in [18]. 

The outline of the paper is as follows. In section 2 we present a novel con- 
struction of a differential algebra of forms on the kappa-deformed space. The 
exterior derivative d and one-forms are defined as formal power series in the 
Lie superalgebra generated by commutative coordinates x^, derivatives 9^ and 
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ordinary one-forms dx^. The number of one-forms is the same as the number 
of NC coordinates x^, and the results are vahd for a general deformation vector 
a G M". In the present work we do not require compatibility of the differen- 
tial structure with a kappa-deformed symmetry. This distinguishes our approach 
from [H] where compatibility of the differential calculus with the kappa-deformed 
symmetry group was considered. This compatibility requires that in addition to 
there is an extra one-form 0. The realizations of d and are related to real- 
izations of Xfj, through a system of partial differential equations. We also define 
higher-order forms and show that ci is a nilpotent operator which satisfies the 
graded Leibniz rule. However, the differential forms are generally not graded 
commutative. In the smooth limit when a ^ our theory reduces to classical 
results. In section 3 we analyze the exterior derivative and one-forms in covariant 
realizations of the kappa-deformed space. We show that the algebra generated 
by Xfj_ and generally does not close under the commutator bracket since [^^, x^] 
may involve an infinite series in derivatives d^. We have derived a condition for 
the commutator [^^, x^] to be closed and found realizations in which the condition 
holds. A similar analysis was carried out by Dimitrijevic et. al. in [25], but our 
results are more general and in certain aspects different. Section 4 deals with the 
differential algebra of forms in noncovariant realizations. We introduce a general 
Ansatz for the exterior derivative and find the corresponding one-forms in the 
left, right and symmetric left-right realization. In these realizations the commu- 
tator is always closed in the space of one-forms C,fi alone. In section 5 we 
present a novel construction of the star-product of (classical) differential forms. 
The star-product depends on realizations of x^ and is well-defined if the com- 
mutator [^^, Xjy] is closed in the space of one-forms alone. We show that for 
differential forms with constant coefficients the star-product is undeformed and 
graded-commutative. However, this property does not hold for arbitrary forms. 
Also, we consider the induced exterior derivative acting on the star-product of 
differential forms. A short conclusion is given in section 6. 
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2 Differential Forms 



In this section we present a general construction of a differential algebra of forms 
in the Euclidean kappa-deformed space. This construction is based on realizations 
of the NC coordinates as formal power series in the Weyl algebra introduced 
in and [2H]- We find that for a given realization of there is an infinite 
family of exterior derivatives d and one-forms where are obtained by the 
action of on x^. This infinite family includes two canonical types of d and 
whose realizations are studied in detail in the following sections. 

The n-dimensional kappa-deformed space is a noncommutative space of Lie 
algebra type with generators Xi,X2, ■ ■ ■ ,Xn satisfying the commutation relations 

[x^, Xi,] = i{a^Xi, - a^x^), E M. (1) 

The vector a G M" describes the deformation of the ra-dimensional Euclidean 
space. The Lie algebra satisfying ([T]) will be denoted by q. The structure con- 
stants of g are given by 

Cfj.ux = 5y\ — tty Sfj_x. (2) 

Our construction of the differential calculus uses realizations of x^ as formal power 
series in the deformation parameter a with coefficients in the Weyl algebra. The 
Weyl algebra is generated by the operators and 9^, /i = 1,2, ... ,n, satisfying 
[x^,Xy] = [d^,d,y] = and [d^,x^] = 5^^. It has been shown in [26] and [28] that 
there exist infinitely many realizations of x^ of the form 

a 

where 0q,^ is a formal power series 

0.^(5) = 5aM+$^Cfcal'=l9^ (4) 

|A:|>1 

We denote = d'l^d!^'^ . . . d^" where k is a multi- index of length \k\ = k^. 
In the limit as a ^ we have (pa^i ^a^ii whence x^ become the commutative 
coordinates x^. A representation ^ of the NC coordinates x^ will be called a 
0-realization. The NC coordinates x^ and derivatives generate a deformed 
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Heisenberg algebra satisfying 

[^^,,x^]= (p^^{d). (5) 

We will assume that the matrix is invertible, allowing us to express as 

x^ = ^Xc,(i)^l{d), (6) 

a 

where is also a formal power series of the type (jlj). The existence of 

implies that threre is a vector space isomorphism between the symmetric 
algebra generated by x^, /i = 1, 2, . . . , n, and the enveloping algebra of g. This 
isomorphism will be important in defining the star-product discussed in section 
5. With regard to the action of the rotation algebra so{n) the realizations of the 
kappa-space can be divided into covariant [28] and noncovariant [26j . Both types 
of realizations will be used in the construction of differential forms in sections 3 
and 4. 

It is useful to introduce a unital associative algebra A over C generated by 
x^, and ordinary one-forms dx^, 1 < /i < satisfying the additional relations 
[dx^^x^] = [dXf^,d^] = and {dXfj_,dx^} = where { , } denotes the anticommu- 
tator. A basis for A consists of the monomials 

xr...<"af^..a^cix.,...dx.^ (7) 

where a^, Pi G No and 1 < cti < (T2 • • • < (Jp < n for p = 1,2, ... ,n. We define 
a Z2-gradation of ^ by ^ = ^0 © -^i where ^0 and Ai are spanned by the 
monomials ([7j) with p even and odd, respectively. The algebra A is equipped 
with the graded commutator defined on homogeneous elements by 

[[m,^;]] =My- (-l)MHt;M, (8) 

where \u\ denotes the degree of u, {\u\ = or |m| = 1). The commutator (IHD 
makes A into a Lie superalgebra, and it satisfies the graded Jacobi identity 

(-1)1-1 l-l [[u, [[v, w]] ]] + (-l)H H [[v, [[w, u]] ]] + (-1)1-1 1^1 [[w, [[u, v]] ]] = 0. (9) 

Recall that in the ordinary Euclidean space the exterior derivative is given by 
d = "^^dxada- It is a nilpotent operator, d"^ = 0, satisfying the commutation 
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relation [d, x^] = dXfj_. Our goal is to construct smooth deformations of d and 
dXf^, denoted d and /i = 1, 2, . . . , n, which preserve the basic relation 

[d,x,]=^^. (10) 

Let us assume that d and are represented by 

^f, = '^dxahai,{d) and d = ^^dxadf^kapid), (11) 

a a, (3 

where h^^, and k^^, are formal power series of the type (jl]). The boundary con- 
ditions lima^o = 6^1, and lima^o k^i, = 6^^ ensure that in the smooth limit 
dXfj, and — (i as a — > 0. As in the classical case, the deformed one-forms 
anticommute and the exterior derivative is nilpotent. Indeed, 

{^M, iu} = '^{dxa, dxfs} {K^,hpy + hauhfSf,) = 0, (12) 

a<l3 

d? = "^{dxa, dxfs} ^ df,d^ka^,kf3^ = 0, (13) 

a<f3 fi,u 

since {dx^, dxjs} = 0. We assume that the matrix [h^^] is invertible so that 
we may express dx^ in terms of Using representation ffTTj) one finds that 
the commutation relation (ITOl) is equivalent to a system of partial differential 
equations for the unknown functions h^iy and /c^jy: 




This is an underdetermined system of equations for 2n^ unknown functions. 
Taking the commutator of d with both sides of the commutation relations ([1]), 
and applying the Jacobi identity to the commutator [d, [Xfj_,x^]], we find that 
and satisfy the compatibility condition 

^ - \xv, = i{,a^i^ - a^i^). (15) 

Hence, every solution of Eq. (1131) must be compatible with the differential equa- 
tion implicit in (|T^ . We note that Eq. (|T^ imphes that, since a 7^ 0, not all 
commutators can be simultaneously zero. 
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The condition ( JT5l) places constraints on the choice of k^^, and /i^j/. For a 
given function k^i, satisfying hnia^o kfj,^ = S^^, Eq. (fT^ uniquely determines h^^. 
The boundary conditions imposed on 0^,^ and /c^,^ imply that lima^o ha^j. = 
automatically holds. Therefore, starting with the exterior derivative d one readily 
finds the one-forms satisfying Eq. ( ITOl) . However, the converse is not true since 
one cannot always find k^^ for an arbitrary choice of h^^. For example, if /i^^^ = 6^^, 
then Eq. fill I) implies that is the ordinary one-form, = dx^. In this case 
[xn, C,u] = for all yU, z/ = 1, 2, . . . n, which contradicts the compatibility condition 

(USD. 

Let A denote the formal completion of A. We associate to the exterior deriva- 
tive d a linear map or action d: A ^ A defined by 

d-u=[[d,u\]. (16) 

It follows from Eq. ffTUj) that d-x^ = hence the action of d on the coordinate x^ 
yields the one-form The action of d on the product of homogeneous elements 
u,v,E A satisfies the graded Leibniz rule 

d ■ (uv) = {d ■ u)v + (-1)1"! u{d ■ v). (17) 

For zero-forms / = f{x) and g = g{x) this reduces to the undeformed Leibniz 
rule 

d-{fg) = {d-f)g + f{d-g). (18) 

It turns out that it is quite natural to consider the following canonical repre- 
sentation of d and 



Type I 

d = ^dxada, = ^dxa (pallid), (19) 

a a 

Type II 

d = ^^ada, = X] '^^a Kt,{d). (20) 

a a 

The first type is obtained by choosing fc^,^ = 5^,^, in which case Eq. f fT^ yields 
hfMu = 4>fj.u- This provides the simplest possible realization of the one-form 
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The second type is obtained by demanding that k^,y = h^^. Then the functions 
h^j^ satisfy the system of partial differential equations 




subject to the boundary conditions lima_^o ^^t^ = ^^lv■ In this case both the 
exterior derivative d and one-forms depend in a very nontrivial manner on 
the given 0-realization. In the following sections sections we shall analyze d 
and in covariant and noncovariant realizations found in [26j and pH]. Note 
that the generators 1 < /i < "n., form an associative superalgebra 

which inherits the grading from the superalgebra A. The subalgebra generated 
by x^, d^, 1 < n < n is the deformed Heisenberg algebra ([5]). 

So far we have defined the exterior derivative d and one-forms such that 
d-Xn = ^fj,. We would like to extend the above construction to higher-order forms 
so that the action of d on fc-forms yields {k + l)-forms. First, we need to define 
what is meant by a fc-form for > 1. A fc-form is a finite linear combination of 
monomials in Xi, £2, ■ ■ ■ ,Xn and ^1, ^2, ■ ■ ■ such that there are precisely k one- 
forms in each monomial. The one-forms may be placed in any order in a 
given monomial. For example, both = x^x^^p and fj^ = x^^pXi, are one-forms, 
albeit different. Let VL^ denote the space of A;-forms and let VL = ©fc>o^^- The 
multiplication in Cl is simply given by juxtaposition of the elements. This defines 
a grading on Cl since Cl'' Cl^ C Cl'^^K We note that the product of differential forms 
is not graded-commutative in general, 

Cj''ff^{-lf^^uj''. (22) 

The product is graded-commutative only for constant forms u)*^ = ip^ip^ ■ ■ - ifik 
since and anticommute. 

Next we show that the exterior derivative d maps Cl'^ into Cl'^^^ for /c > 0. 
First, using the Leibniz rule fll7l) it is easily seen that 

d-f{x)eCl^ for all f{x)eCf. (23) 

Furthermore, using Eq. (|TT1) we find 

d-ip= U Q] = + = (24) 
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since {dXfj_, dx^} = 0. By induction on k one can show that 



d ■ {.^^l^^^l2 • • • ^/.J = for all k>l. 



(25) 



The relations fl23l) and (125|) together with the Leibniz rule (fT7|l imply that (i maps 
fc-forms to {k + l)-forms. For example, 



d ■ (x^Xu^x) = d ■ {x^Xy)ix = ^^Xu^x + x^^u^x. 



(26) 



The exterior derivative satisfies the graded Leibniz rule 



d- {Cj^ff) = {d ■ u'')f]^ + {-!)'' u'' {d-ff). 
Hence, the algebra f2 together with the linear map d: Cl^ - 



Q''^^ is a differ- 



(27) 



ential algebra. Our approach is essentially the same as the construction of the 
differential algebra of forms discussed in In our case the algebra of zero- 

forms has the additional structure of the universal enveloping algebra satisfying 
relations ([T]). We note that in general one cannot rewrite a given fc-form such 
that ^/ii,^/i2; • • • ;^Atfe placed to the far right. This is possible only in special 
realizations in which the commutator closes in the space of one-forms 

alone. 

3 Covariant realizations 

In this section we shall investigate the differential algebra of forms in covariant 
realizations of the kappa-deformed space introduced in |28] . These realizations are 
covariant under the action of the rotation aglebra so{n). Of particular interest 
is a class of simple realizations obtained for the following choice of 0^,^ in the 
representation 1^: 
Left realization: 




(28) 



Right realization: 




(29) 



Natural realization: 




(30) 
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Symmetric realization: 

Here A and B are commuting operators defined hj A = iad and -B = a^(9^ 
where we use the convention ad = J^a'^ada, d"^ = J2a^ay ^^c- The symmetric 
reahzation corresponds to the Weyl symmetric ordering of the monomials in x^. 
We remark that for a general Lie algebra type NC space there is a universal 
formula for (p^^, in Weyl symmetric ordering given in [IH] as follows. Suppose 
Xi,X2, ■ ■ ■ ,Xn are generators of a Lie algebra with structure constants 9^^a- 

Let M = [M^i,] denote the n x n matrix of differential operators with elements 

= i^9aui,da. (33) 

a 

Then the Weyl symmetric realization of the Lie algebra ( l32l) is given by 



M 

<P^M=P{M)^, where p(M) = (34) 



is the generating function for the Bernoulli numbers (see also [19]). In principle 
the exterior derivative and one-forms may be constructed using any of the above 
realizations. Here we shall consider the left, right and natural realization. 



3.1 Covariant realizations of type I 

Let us consider realizations of type I where the exterior derivative is undeformed, 
d = '^^dxada, and one-forms are given by = J2a^^a't'afi{d). We investigate 
the conditions under which the commutator [^^,x^] is closed in the space of one- 
forms C,fj,- The closedness of the commuatator is important when considering the 
extended star-product of (classical) forms in section 5. 
Using realization ([3]) we have 
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The matrix is invertible, hence we may express dx^ in terms of .^^ to obtain 

[i,.x,] = Y,C,,M^, (36) 

CF 

where 

a /3 

Clearly, the commutator ( |36l) is closed in the space of one-forms .^^ only if the 
coefficients 6*^,^0- are constant. This condition is satisfied in the left and right 
realizations, as shown in the following. In the left realization we have 

x^=x^{l-A), i^ = dx^{l-A), (38) 

which yields 

[^A., Xu] = -ia^^,,- (39) 
Similarly, in the right realization we have 

Xf, = x^ + ia^{xd), = dx^ + ia^{dxd), (40) 

which leads to 

[^M' = ^^^^^y- (41) 

On the other hand, in the natural and symmetric realizations the coefficients C^i/o- 
involve partial derivatives so the commutators between and not closed. 



3.2 Covariant realizations of type II 

Consider now realizations of type II where the exterior derivative and one-forms 
are given hy d = J2a^ada and C,^ = J2a dxaha^{d), and /iq,^ is a solution of Eq. 
(1211) . In this section we shall construct d and using the natural realization 
( l30l) . The construction of NC forms in type II realization was considered in [25], 
but not in a proper and complete way. Our motivation for using the natural 
realization is to present a proper analysis of this problem. 
Let us write Eq. ( 1211) in a more compact form 

Y.-Q^^,, = K, (42) 
p ^ 
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where Aa{d) = "^/^ haf3{d)d(^. The idea is to solve an auxihary problem for Aq, 
and then calculate h^^, from Eq. (H2|) . Multiplying Eq. (H2l) by and summing 
we obtain the following boundary value problem for Aq,: 



Aa, limAQ = (9Q, 



(43) 



where "^p^d) = J2u^p^ii^)^^J■■ natural realization flHUj) we find 



(44) 



Let us denote Z^^ = —A + Vl — B. This is the inverse shift operator introduced 
in [28]. The index structure of \l'p and Eq. (H3l) suggest that we should look for 
Aq in the form 

Aq (d) = d^H, {A,B) + lao^d^H^ {A, B) (45) 
for unknown functions Hi and H2. From Eqs. (jSj) and (H5ll we obtain 



^ M dB 



dA 



dB 



(46) 



2iJ2 + A^ + 25 ^ 



OA 



dB 



+ Hi + 2AH, - B^ + 2AB^^' 



dA 



dB 



Substituting the above result into Eq. ( 1431) we find that Hi and H2 satisfy the 
following system of differential equations: 



dHi- 



Since Aa{d) da sls a 0, Hi and are subject to the boundary conditions 

(49) 

It is shown in Appendix A that the above system has a unique solution 
Hi{A,B 



.dHo 



dB 
.dHo 



B 



dHi 
'dA 



+ 2AB 



dHi 
'dB 



Hi, (47) 



\imHi{A,B) 



1, \imH2{A,B) finite. 



2(1 - VT^) 



B{-A + VT^) 



H^iA, B) = -2(1 -A + VT^) 



1 - y/T^g 
B 



(50) 
(51) 
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Inserting the expressions for Hi and H2 into Eq. (H5l) we find 

2 

Md)=d^ ^^^-"^^^^ -ia^d'2il-A + Vl^)(^^^^^^] . (52) 

Since the exterior derivative is given hjd = J2a da where = J2a ha^i{d), 
d can be expressed in terms of as 

d = ^ dxa Aq, (9) . (53) 

a 

Thus, we find from Eq. (l52l) that 



J=-^iL^^^i^(9rfx)-2(l-A + v/r^)(^^^) ^{adx)^\ 

(54) 

Keeping only the first-order terms in a G M" we obtain the approximation 

d = ddx + i{ad){ddx) — id'^{adx), (55) 

where d = ddx is the undeformed exterior derivative. 

Next we consider the one-form Substituting Eqs. (j30ll and ( !52l) into Eq. 
[2l) we find after some manipulation that 



(56) 

where 



2(1 -y/T^) 

^1 = ^ , (57) 



L 



2 



2(-l + Vl^) [2{A^ + A- B)y/l^ +B- 2(^2 - 2AB + A 

B^{-A + y^T^W) ' 

(5^ 



Ls ^ (59) 
2{B + 2VT^-2) 

2(-A + v/r^)(i-v/r^)^ 

^5 = • (61) 
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Therefore, in the natural reahzation of type II the one-form is given by 

a 

= Lidx^ + {iL2d^ — d'^L^a^) (adx) + {iL^a^ + a^L^d^ (ddx). (62) 

Although the above realization of is rather complicated, the first-order approx- 
imation has a particularly nice form 

Cm = dx^ + ^ i(a^i9a - aad^)dxa. (63) 

a 

Let us now investigate the commutation relations for and x^. The NC 
coordinates in the natural realization flHUj) are given by 

x^ = Xf,{-A + Vl - fi) + iiax)d^. (64) 

The explicit form of the commutator [C^, x^] is fairly complicated and a complete 
derivation is given in Appendix B. Here we only state that it can be expressed as 

p(l) p(2) 

[e., = + + (^o 4'.^ + (^0 R^;i (65) 

where P/i*^ and are certain combinations of the functions Li, L2, . . . , and 
their partial derivatives. We note that the commutator fl65p is not closed since 
the right-hand side involves derivatives 9^. To gain an insight into the form of the 
commutator it is instructive to find a first-order approximation in the parameter 
a. To first order in a the natural realization of x^ is given by 

Xfj, = Xfj_{l — iad) + i{ax)dfj,. (66) 

Using the approximations flUHl) and flUUj) we obtain 

[^/x, Xu] = i ^{a^6au - aa5^,u)ia- (67) 

a 

As a special case suppose that the vector a G M" has only one non-zero compo- 
nent, = aSfj^n for /i = 1, 2, . . . , n. Then 

[^fi,Xu] = ia{S^^n^u - 5^uin)- (68) 

The above result agrees to first order in a with the commutator [^^, Xy\ for vector- 
like transforming one- forms considered in [2i|. We emphasize, however, that the 
exact expression flU^ does not agree with this commutator for higher orders in a. 
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4 Noncovariant realizations 



In this section we consider the exterior derivative and one-forms in noncovariant 
reahzations of the kappa-space introduced in [26] . We assume that the compo- 
nents of the deformation vector a G are given by = for k = 1,2, . . . ,n — l 
and ttn = a. Then the commutation relations ([T]) yield 

[xk,xi]=0, [xn,Xk] = iaxk, k,l = 1,2, ... ,n - 1. (69) 

We use the Latin alphabet for the indices 1, 2, . . . , tt, — 1 and the Greek alphabet 
for the full set 1,2, ... ,n. It was shown in [25] that the NC coordinates x^ have 
infinitely many realizations of the form 

Xk = Xkip{A), k = 1,2, . . . ,n - 1, (70) 

n-1 

J2xA^{A), (71) 

k=l 

where 

7(A) = 4^ + 1, A = tad^. (72) 

ip{A) 

The realizations are parametrized by the function ip{A) satisfying the boundary 
conditions \ima-,Q (f{A) = 1 and lima-,Q ip' (A) finite, so that x^ x^ as a ^ 0. 
The NC coordinates covariant under the rotation algebra so{n — 1), but 

not generally under the full algebra so{n). 

The most general Ansatz for the exterior derivative d invariant under so{n—l) 

is 

n— 1 n—1 

d = ^dxk dk Ni{A, A) + dxn <9„ N2{A, A) + ia dxn ^ dl G{A, A) (73) 

fc=l k=l 

where A = (^o,)^ X]fc=i "^fc- The family of realizations fl7n|) - fl7T|) includes special 
realizations corresponding to the left, right, symmetric left-right and symmetric 
Weyl orderings for the enveloping algebra of the Lie algebra ( l69l) . These realiza- 
tions are parameterized by 

^{A) = e-^, ifi{A) = 1, ip{A) = and ipiA) = A/{e^ - 1), (74) 
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respectively. We remark that only the symmetric Weyl realization is covariant 
under the full algebra so{n). 

For a given parameter function cp and an arbitrary choice of A^^i, N2 and G one 
can find the one-forms satisfying [d,x^] = As in the case of the covariant 
realizations one can express the commutator in terms of the one-forms 

and partial derivatives d^, but the general expressions are fairly complicated. 

In the following we will focus our attention to a subfamily of the noncovari- 
ant realizations which lead to some interesting results. These realizations are 
parameterized by (p{A) = e~^^, c G M: 



Xk=Xke'', /c = 1,2, . . . ,n - 1, (75) 

n-l 
k=l 



x„ + m(l -c)^Xfc(9fc. (76) 



They include the left, right and symmetric left-right realizations for c = 1, c = 
and c = 1/2, respectively. Let us define the exterior derivative by 

n~l 

d = J2 dxk dk e^"-^)^ + dxn 9„ (77) 

k=l 

(Ni = e'-^"^-'^, N2 = 1, G = 0). Then the corresponding one-forms are given by 
^k = [d,Xk] = dxke~^, = 1,2, . . . ,n - 1, (78) 

[d, Xn\ dXfi- ('''9) 

The algebra generated by x^ and satisfies the commutation relations 

[6, xi]=0, l^k, Xn] = -ia^k, (80) 
xi] = 0, [U Xn] = 0. (81) 

This algebra satisfies the graded Jacobi relations 1^. We note that the relations 
(!HU|) - (!HT|) correspond to the algebra found by Kim et. al. [50J where the commu- 
tators are defined in terms of the star-product, except that in our work and 
anticommute. In particular, for c = the exterior derivative becomes 

n — 1 n 

d = ^dxkdke~^ + dxndn = ^iada, (82) 

k=l a=l 
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which is the type II realization of d. In addition to the examples in section 3 the 
commutators (180!) - (!8T!) also close in the space of one-forms alone. Moreover, 
the right realization (c = 0) is an example of a type II realization with closed 
commutator. 

The above construction can be extended to any parameter function Lp. It can 
be shown that for a given one can find A^^i, N2 and G such that d = '^^C.ada 
and [(i, x^] = However, this may be very complicated as already seen in the 
natural realization in section 3. 

5 Extended star-product 

Regarding functions as zero-forms we want to extend the star-product to differ- 
ential forms of arbitrary degree. The star-product of differential forms in the 
context of deformation quantization has been investigated recently in [51]. The 
construction of the star-product presented here is valid for a general Lie algebra 
type noncommutative space. We recall that the realization of NC coordinates 
in terms of and 9^ is given by Eq. ([3]). Also, since the matrix [4>^u] is in- 
vertible the commutative coordinates admit realization in terms of x^ and 
via Eq. ([6]). The duality between x^ and x^ induces a vector space isomorphism 
Qff,: U{g) ^ S between the enveloping algebra U (g) of the Lie algebra ([1]) and 
the symmetric algebra S generated by x^, /i = 1, 2, . . . , n. The isomorphism fi^ 
depends on the realization 0, and is given as follows. Let 1 denote the unit in S 
{S is isomorphic to the Fock space built on the vacuum vector |0) = 1). Then 
Xfj_ and dfj, act on / G 5 in a natural way by x^ ■ / = x^/ and ■ f = In 
particular, 

x^ ■ 1 = x^, df,-l = 0. (83) 
For a monomial /(x) G W(g) we define 

n^{fix))=fix)-l^fix), (84) 

and extend fi^ linearly to The map ^l^j, is evaluated at /(x) by using the 

realization ([3]) and action ( l83l) . For example, 

^^(^m) = X] iXa(paf^id)) ■ 1 = X^ (85) 
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since (pafiid) = + o{d). Similarly, for monomials of order two we have 

where ■ 1 is a first-order coefficient in the Taylor expansion of <^aii{d). 
In general, f2^(a;^^x^2 . . . x^^) is a polynomial in the variables x^^, x^j^ ■ ■ ■ i ^/^m 
whose coefficients are given by the Taylor expansion of (^^^y. The computation of 
^(/.(ai^iX^j . . . can be done using a recursive formula. Suppose that 

Then 

^0 (^'/Jl 2^/^2 • • • -^Mm ) ~ ^^llP{^^l2 5 -^^3 ) • • • 5 -^Mm ) 

+ ^Xa [(f)a^,,p{Xf,,,Xf,^,...,Xi,j] ■ 1. (88) 

a 

The commutator in the above expression is calculated according to 

[4>af„XlX2 ...Xk] = [4>af„Xl]x2 • • • Xfc + Xi X2] . . . Xfc H h Xi . • • Xfc_i Xfc] . 

(89) 

The inverse map fi^^ is defined analogously. Let 1 be the unit in V({q). Define 
the action of x^ on a monomial /(x) G W(g) by x^ ■ /(x) = x^/(x). The action 
of 9^ on /(x) is defined by 9^ ■ 1 = and ■ /(x) = {d^f{x)) ■ 1 where d^f{x) 
is expressed using the commutation relations [d^,xj\ = (t)^i,{d). For the lowest 
order vector we have 

x^ ■ i = x^, 9^ ■ i = 0. (90) 

Then Vf^^ is given by 

%\f{x))=f{x)-l^f{x) (91) 

where /(x) ■ 1 is calculated using the realization ^ and relations flUUj) . For 
example, 

^^'(^m) = E^"'^«m'(^)-1 = ^/^ (92) 
since 0^/1 (^) = '^qm + '^(^)) monomials of order two we have 

^(f) i-^fi-^u) ~ X^Xy + ^ ^ -^g ■ i- (93) 
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One can show that the right hand side of Eq. (l93l) is invariant under the trans- 
position of indices n ^ u, hence fl'^^{x^x^) is well-defined. Clearly, fi^ and 
can be readily extended to ^(g) and S, the formal completions of and S. 
The star-product of f,g E S is defined by 

if^^g)ix) = {fix)gix))-l (94) 

where f{x) = Q^^{f{x)) and g{x) = Q^^{g{x)). In the limit as the deformation 
parameter a ^ the star-product reduces to ordinary product of functions (c.f. 
Eq. (jl])). The star-product on the kappa-deformed space was discussed in [2S], 
[28], [29]; see also [52]. 

Equation (l9i|l defines the star-product of zero-forms. Following the ideas out- 
lined above we want to extend the star-product to differential forms of arbitrary 
degree. Our strategy is to associate to u'^ a noncommutative form uj^ such that 
uj'' ■ 1 = u^, and define the star-product by 

u'^^v' = {u''fi')-l. (95) 

It turns out that the star-product 0951) is well-defined provided the commutator 
Xy] is closed in the space of one-forms alone. It depends only on the 
realizations of the coordinates x^, hence we also denote it by 

First let us consider the star-product of constant forms. Recall that the non- 
commutative one-form S,^ is defined by = J2a^-^ahaf_i{d) where /i^^ satis- 
fies Eq. fll4p . The matrix [hf^^] is invertible, hence there is a dual relation 
d^fi = J2a^ah~l^{d). Since ha^{d) is a power series of the type (jlj), and dx^ 
and dy commute, we have 

(^/ii^/i2 • • • ^/ifc) ' ~ dx^-^^dx^2 • • • ^•^fj.k- (^^) 

Therefore, to a fc-form = dx ^^dx . . . dx we associate a unique noncom- 
mutative form Cj^ = ^^i^^2 ■ ■ - ^Aife satisfying ■ 1 = oj'^. The star-product of 
uo^ = dx^^dx^^ . . . dXfj^f, and 77' = dxv^dxu2 ■ ■ ■ dx^i is trivially given by 

M rf = (em^M^ • • • U^u, . . . ■ 1- (97) 
In view of Eq. fl96p the star-product of constant forms is undeformed, 

to'' k^ T]^ = to^ ri\ (98) 
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and graded-commutative, 

a;'=*^V = (-l)"V^</.^'- (99) 

Now suppose that tu*^ is a general A;- form = p{x) dxa^dxa^ . . . dx^^. where 
p{x) is a monomial in x^. Then the associated noncommutative form is given by 
uj'' = u'' ■ i where we define ■ 1 = ^/i- This yields 

u;' = n-\pix))UU---U- (100) 

Indeed, let us denote p{x) = fl'^^{p{x)). Using commutativity of dx^ with x^ and 
we obtain 

uJk= ^ dxp^dxp^. . .dxp^p{x)hp^„^hp^„^. . .hp^„^ (101) 

Plv.Pfe 

= dx„^dxa2 ■ ■ ■ dxa^ {p{x) + o{d)). (102) 

Thus, 

LUk ■ I = p{x) dxa^dxa2 ■ ■ ■ dx<Tk — (103) 

since p{x) ■ 1 = p{x). We note that Co^ given by Eq. fllOOj) is a unique noncommu- 
tative form (up to reordering of in p{x) using the commutation relations ([l])) 
with the property o;'^ ■ 1 = cj'^ in which the NC coordinates are naturally ordered 
to the left of If uj'' = p{x)dxp_^dxp2 . . . dxp,^, and rf = q{x)dx^j^dx^2 . . . dx^^, 
then Eqs. dHSD and ffTUUD yield 

*0 = (Pix) ^Mi • • • U Qi^) • • • Q ■ 1 (104) 

where p{x) = Q'^^{p{x)) and q{x) = Q^'^{q{x)). The star-product fll04p is not 
graded-commutative since and do not commute. The product is well-defined 
provided the commutators [,^^, x^] are closed in the space of one-forms In this 
case one can use the commutation relations between and Xj, to write (11041) 
in the natural order with x^ to the left of and evalute the star-product us- 
ing (]5(x)^^j . . .^p^.) ■ 1 = p{x)dxp^ . . -dxp^. In view of earlier considerations, 
the extended star-product can be defined in the covariant left, right and non- 
covariant realizations discussed in sections 3 and 4. We note that the extended 
star-product is associative since this property is inherited from associativity of 
operator multiplication in the superalgebra A. 
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Finally, let us consider the exterior derivative acting on the star-product of 
forms. In the realization of type I the exterior derivative is undeformed, d = d = 
dxada- Then one can show that 

duj = (dtu) ■ 1, (105) 

where a; ■ 1 = cu. Using the star-product flU3|) and Leibniz rule ffT7|) one finds 

d{uj 1]) = dujik^T] + (— l)!"^! uj drj. (106) 

Hence, in type I realization the Leibniz rule for the extended star-product is un- 
deformed. It would be interesting to invstigate the action of the induced exterior 
derivative on the star-product of forms in other realizations when d is given by a 
general expression ffTT]) . 

6 Concluding remarks 

In this paper we have investigated the differential algebra of forms on the kappa- 
deformed space. Our construction of the exterior derivative d and one-forms 

is based on the realizations of NC coordinates in terms of formal power 
series in the Weyl algebra. We have shown that for each realization of there 
is an infinite family of the exterior derivatives d which uniquely determine the 
one-forms The exterior derivative is a nilpotent operator and it satisfies the 
undeformed Leibniz rule. The NC coordinates x^, derivatives and one-forms 

generate a Z2-graded algebra. The subalgebra generated by and 9^ is a 
deformed Heisenberg algebra. The algebra generated by and is generally 
not closed under the commutator bracket since may involve an infininte 

series in d^. Only in special cases of the covariant left, right and noncovariant 
realizations the algebra is closed under the commutator bracket. Furthermore, 
the commutator [^;x,X;^] is nonzero in all realizations. For higher-order forms we 
have shown that the exterior derivative satisfies the graded Leibniz rule, and the 
graded Jacobi identity also holds. However, the graded commutativity law holds 
only for x^-independent forms. In the limit when the deformation parameter 
a — > our theory reduces to classical results. 



21 



The exterior derivative and one-forms have been analyzed in both covariant 
and noncovariant reahzations. In the covariant case we have found exphcit rep- 
resentations of d and S,^ in the left, right and natural realization. We have also 
found a closed form expression for the commutator [^^, Xy\ in these realizations, 
and derived an approximation to first order in a in the natural realization. In the 
noncovariant case we have constructed a one-parameter family of realizations of 
d and For this family of realizations the commutator is always closed 

in the space of one- forms 

We have also extended the star-product from zero-forms to differential forms 
of arbitrary degree. The star-product can be defined for realizations in which 
[^^, Xy] is closed in the space of one-forms It depends only on the realizations 
of both the NC coordinates x^. For diffential forms with constant coefficients 
the star-product is undeformed and graded-commutative, but for arbitrary forms 
this is no longer true. It was shown the the exterior derivative acting on the 
extended star-product satisfies the undeformed Leibniz rule in type I realization. 
It would be interesting to investigate possible relations between our approach to 
the star-product of differential forms and the recent work presented in |51j . 

Finally, the notion of the twist operator is very important in the construction 
of the star-product from both the mathematical ([SS], [SI]) and physical ([33]. 
[SS], [SZ], [SH], [Sn]) points of view. The twist operator for zero-forms on the 
kappa-deformed space was constructed in [30j and [59], and was also considered 
in [27]. However, it remains an open problem to see if there exisits a twist operator 
that leads to the star-product of differential forms defined in this work. 



7 Appendix A 

In this appendix we find the solution of the system of equations ( H7|) - (HS|) . Let 
us write Eq. ( 1471) in equivalent forms as 

{AZ-^ -B)—^ + 2BVi^ + (Z-' - = 0. (107) 

We assume that Hi can be factored as Hi{A,B) = ZFi{B) which leads to the 
following differential equation for Fi, 

2BVT^F[{B) + {VT^ -l)Fi{B) = 0. (108) 
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The boundary condition for Hi implies that Ymva^oFi^B) = 1. Now the solution 
of Eq. fllOSp is readily found to be 



F.iB) ^ ^(1^^, (109) 



HiiAB)^ 2(1 -^T^^ 



hence 



Next, let us consider Eq. fH8|) which we write equivalently as 

{AZ-^ -B)^ + 2BVT^ + (2v/r^ -l)H^ = -Hi. (Ill) 

We apply a similar method of "separation of variables" assuming that H2{A, B) = 
Z F2{B) + F^{B) . Inserting the Ansatz for i^i and into Eq. fllllj) . and grouping 
the terms depending only on B on the right-hand side, we obtain 



AF^iB) + Z-' (2BVT^ F;,{B) + {2Vl^ - l)F^{B) 



-2BVl- BF!,{B) - (2Vl -B - 1)^2(5) - Fi{B). (112) 
Let us define the function 



G{B) = 2BV1 -BF^{B) + (2Vl -B- 1)^3(5). (113) 
Then the variables in Eq. f lll2p can be separated as 
A{F2{B) - G{B)) = 



- 2Bs/T^ F^iB) - {2VT^ - 1)F2{B) - Fi{B) - ^T^fi G{B). (114) 

We conclude that both sides of the equation must be zero which implies that F2 
and F3 satisfy the following system of differential equations: 



2BVT^F^{B) + (3Vr~B- 1)^2(5) = -Fi{B), (115) 



2BV1 - BF'r^{B) + (2VI-5 - l)F^{B) = ^2(5). (116) 

Using the boundary condition for H2 we find that in the limit a both F2{B) 
and -^3(5) must be finite. Taking this into account, integration of the system 
(HH-dUE!) yields 

^2(5) = ^3(5) = -2 (i^^^HZ^ . (117) 
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Therefore, 



H2{A,B) = -2{1-A + Vl^){ ^ ^^~~^ ) • (118) 



8 Appendix B 

In this Appendix we give a brief derivation of the result fl65l) . We shall do this in 
two steps. First we calculate the commutator where = 

and is given in the natural realization ( |30l) . We have 



Xu] = Z ^ '^[ha^l, Xy] dxa + dy ^[/^a/., iax] dxa- (119) 

a a 

Expressing h^^ by Eq. fl3Ul) and making use of 



df{A,B) .df ^.2^/. 

- ^1T7«M + 2« ^d^, (120) 



after some manipulation we find 

En 17 f ^-^1 2^-^l a \ 7 

Q, \ / 

+ [iL^a^ + a^L^d^) dxy + iS^^^adx) + T^^i^dd. 
where we have defined 



'1211 



+ 2a2||9,9.-92^a,a., (122) 



T^^ = a L4 ()^,, + 2a la^du + a za,,d^ + 2a d^d,, - a^a^,. (123) 
A similar computation yields 

^^^^^ [^CK^ 5 Z(X3/ j d/CCfy^ 

a 

= a^Eidx^ + {iE2a^ + a? E:>,d^){iadx) + a^(zE4a^ + o?E5d^){ddx) (124) 
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where the functions Ei are defined by 

dL dL 

E2 = L2 + Ls + 2AL, + 2AB-^ - B-^, (126) 

+ - |j- 

Combining equations (11211) and fll24p we obtain 

[e^, X,] = dx, Pi^) + dx, P^^^ {d) + (mrfa;) Q« + (9cia;) gg] . (130) 
where the functions P^*'' and Q'^/iI are given by 

Pi^) = ^-^^ + {2Z-'^ + E,)d^, (131) 

P^2) = ^-1^3 + a^Z-^L^ d^, (132) 

Q2 = Z-'S^, + ^2 «a^9, + a'Es 9^9,, (133) 

In the second step we wish to express the commutator fll30p in terms of 
the one-forms and derivatives d^. In order to replace dx^ by we write 
'^^M — X]a^a/i(^)^M where /i"^ is the inverse of the matrix ha^. The inverse 
matrix should have the same index structure as /i^^, hence we look for in the 
form 

Kli.d) = Gi6af, + iG2 aadf, + iG^ a^do, + a^G^ d^d^ - d'^G^ a„a^. (135) 

The condition h^jj h~p^ = Sa^i implies that the functions Gk satisfy the follow- 
ing system of equations: 







(136) 


(Li + AL2 - BU)G2 - B{L2 + AL^)Gi 


= L2L^ \ 


(137) 


(L3 - AU)G2 - {Li + AL3 + BL^)G^ 


= L^Lt^ ^, 


(138) 


(Li + AL3 + PL4)G3 + B{Li - AL^)G^ 


= L-^L^ ^, 


(139) 


-{L2 + AL,)Gs - (Li + AL2 - BL,)G, 


= L^L^ ^ . 


(140) 
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The solution of the system is given by 

- (Li + AL3 + 5^4)^2 + B{L2 + AL5)L4 
(Li + AL2 - BL,)L^ + B{Ls - AU)L^ 
(L3 - AU)L2 + (Li + AL2 - BLri)U 



where 

M = Li 



G2 = 


1 - 

71 /T 

M . 




1 


G,= 


1 


G,= 


1 r 
M I* 



(2) 



(2) 



where and are defined by 



(2) 



(141) 
(142) 
(143) 
(144) 



{U^AL2-BU){U^AU^BL^)\B{L2^AU){U-AL^) . (145) 
Now, with the functions G^ defined as above, we have 

a 

= Gi^M + [d^G.ia, + G2d,) {laS) + [G^ia, + a^G^O^) {dS). (146) 
Using Eq. (11461) to ehminate dx^ from the commutator (11301) we obtain 



(147) 



= d^G,{Pl'^ la, + Pf m,) + G2(Pi^) 9^ + P^'^ 9,) 

+ (Gi + - PCs) Qi^) + 92(G2 + AGs) gg), (148) 



= G3(Pi^) 



la^ + Pf ^a,) + a2G4(Pi'^ 9^ + Pj'^ 



+ a2(AG4 - G3) gS + (^1 + + PG4) gg. (149) 



Tracing back the computations we can express the commutator (11471) exphcitly 
in terms of Li, . . . , L5 and their partial derivatives, but the expressions are cum- 
bersome and not useful for practical calculations. 
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